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Abstract 

In this work, authors present a new theorem and corollary on multi-dimensional 
Laplace transformations. They also develop some applications based on this 
results. The one-dimensional Laplace transformation is useful to obtain the 
solution of partial fractional differential equations. 

1. Introduction and Notation 

Engineering and other areas of sciences can be successfully modelled 
by the use of fractional derivatives. That is because of the fact that, a 
realistic modelling of a physical phenomenon having dependence not only 
at the time instant, but also the previous time history can be successfully 
achieved by using fractional calculus. Fractional differential equations 
arise in unification of diffusion and wave propagation phenomenon. The 
time fractional heat equation, which is a mathematical model of a wide 
range of important physical phenomena, is a partial differential equation 
obtained from the classical heat equation by replacing the first time 
derivative by a fractional derivative of order .10, ≤α<α  
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In the next part of this section, we consider the time fractional heat 
equation (time fractional in the-Caputo sense). 

In this section, we consider methods and results for the partial 
fractional diffusion equation, which arise in applications. Several 
methods have been introduced to solve fractional differential equations, 
the popular Laplace transform method, [1], [2], [3], [11], the Fourier 
transform method [10], the iteration method [17], and the operational 
method [10]. However, most of these methods are suitable for special 
types of fractional differential equations, mainly the linear with constant 
coefficients. More detailed information about some of these results can be 
found in a survey paper by Kilbas and Trujillo [9]. Atanackovic and 
Stankovic [4, 5] used the Laplace transform in a certain space of 
distributions to solve a system of partial differential equations with 
fractional derivatives, and indicated that such a system may serve as a 
certain model far a viscoelastic rod. Oldham and Spanier [12] and [13], 
respectively, by reducing a boundary value problem involving Fick’s 
second low in electroanalytic chemistry to a formulation based on the 
partial Riemann-Liouville fractional with half derivative. Oldham and 
Spanier [13] gave other application of such equations for diffusion 
problems. Wyss [20] and Schneider [18] considered the time fractional 
diffusion and wave equations, and obtained the solution in terms of Fox 
functions. 

2. Solution to Non-Homogeneous Partial Fractional  
Differential Equation (Heat Equation) 

( ) ( ) ,
02

2
kudgtf

x
uauD

x
t

c −λλ++
∂

∂= ∫α  (1.1) 

where λ<<> ,,0,0 alxt  are constants. The boundary conditions are 

( ) ( ) ( ) .0,,0,0,00, === tlutuxu  

Solution. 

( ) ( ) .10,
02

2
≤α<λλ+=+

∂

∂− ∫α dgtfku
x

uauD
x

t
c  



SOLUTION TO TIME FRACTIONAL HEAT-EQUATION … 61

Taking one dimensional Laplace transform of both sides of the Equation 

(1.1) with respect to t (with assumption that 2
1=α ) [15]. We have: 
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By using the boundary conditions, one gets the unknown constants 21, cc  
as follows: 
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Therefore, relation (1.3) has the following form: 

( ) ( ) ( )



















+
+

+

−
+

−+

+
= 1

sinh

sinh

sinh

sinh
,

la
ks

xa
ks

la
ks

lxa
ks

ks
sFsxU  

( ( ) ) ( ).
sinh

sinh1
0

la
kss

xa
ks

ks
dg

l

+

+

+
λλ− ∫  (1.4) 

We may rewrite (1.4) as follows: 
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At this point, we take inverse Laplace transform of (1.5) term wise. At 

first, evaluating the inverse Laplace transform of the term ,1
ks +
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By using relation (1.6), we obtain: 
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If the first term on the left side of (1.5) is called ( ),1 sH  then one has, 
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and we also set ( )sP1  in the following form: 
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By replacing s  by s, we have: 
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Now, upon using residue theorem, we may find the inverse Laplace 

transform of the term ( ).1 sP  First, we find the .
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Let us calculate residue at ,0=s  that is, 
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If we replace x by ( )xl −  in (1.10), then: 
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Using the following formula, we arrive at the inverse Laplace transform 
of ( ).1 sH  
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in the first integral, if we set u
t

x =
2

 and in the second integral +
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Similarly, we get ( )th2  as follows: 
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Therefore, 
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we obtain ( )th3  by similar method of calculation, 
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Finally, the inverse Laplace transform of (1.5) is: 
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3. Conclusion 

The paper is devoted to study and application of one-dimensional 
Laplace transform. The one-dimensional Laplace transform provides 
powerful method for analyzing linear systems. The main purpose of this 
work is to develop a method for finding analytic solution of the time 
fractional heat equation. 
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